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Abstract. Within the framework of scalar-tensor theories, we study the conditions that
allow single field inflation dynamics on small cosmological scales to significantly differ from
that of the large scales probed by the observations of cosmic microwave background. The
resulting single field double inflation scenario is characterised by two consequent inflation
eras, usually separated by a period where the slow-roll approximation fails. At large field
values the dynamics of the inflaton is dominated by the interplay between its non-minimal
coupling to gravity and the radiative corrections to the inflaton self-coupling. For small field
values the potential is, instead, dominated by a polynomial that results in a hilltop inflation.
Without relying on the slow-roll approximation, which is invalidated by the appearance of
the intermediate stage, we propose a concrete model that matches the current measurements
of inflationary observables and employs the freedom granted by the framework on small
cosmological scales to give rise to a sizeable population of primordial black holes generated
by large curvature fluctuations. We find that these features generally require a potential with
a local minimum. We show that the associated primordial black hole mass function is only
approximately lognormal.
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1 Introduction
The observation of coalescence of O(10) solar mass black holes by the LIGO [1, 2] col-
laboration has revived interest in primordial black holes (PBHs) [3–7], which were earlier
investigated as a possible solution to the puzzle of the origin of dark matter (DM). PBH
DM may have been created by large density perturbations, δρ/ρ ∼ 1, that were produced
during the last stages of inflation [8–36]. Taking into account the most recent constraints,1
PBHs may still constitute a large fraction of the measured DM abundance [40–43]. Such
a DM component could help explaining the rapidity of structure formation at small scales
and provide, on top of that, the seeds for supermassive black holes and therefore for galaxy
formation [26, 44–47]. The properties of PBHs could also explain other astrophysical and
cosmological puzzles (for a review and references see [48]).
All the current measurements of the cosmic microwave background (CMB) perturba-
tions [49, 50] are in good agreement with the predictions of single field inflation. Obser-
vations imply a decreasing, red-tilted, power spectrum, as well as presently unobservable
non-Gaussianity and isocurvature effects [51] that strongly constrain possible inflationary
potentials.In order to comply with the Planck measurements and allow for the possible ex-
istence of large perturbations at the end of inflation that source the PBH production, the
inflationary era must comprise two very different stages. The first phase of inflation must
create the large scale fluctuations observed in the CMB, while the second phase of inflation
is responsible for the generation of large fluctuations at small cosmological scales. Therefore,
the most natural framework to realise such a two stage inflation involves multiple fields, such
as in the hybrid inflation [9, 11, 14, 52]. However, single field scenarios can also accommodate
the desired second phase provided that the inflaton crosses a near-inflection point in the part
of its potential responsible for the last period of inflation [10, 12, 31, 34]. This scenario,
the so-called single field double inflation, is already severely constrained by current measure-
ments of scalar spectral index ns, tensor-to-scalar ratio r, amplitude of the power spectrum
1Constraints for realistic, non-monochromatic PBH mass distributions taking into account most recent
updates are derived in Ref. [37]. For earlier reviews see [38, 39].
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As at the pivot scale k∗ = 0.05Mpc−1, as well as by the number of e-folds N . Nevertheless,
viable prototypal single field double inflation models were recently proposed in Ref. [31, 34],
where the main features required of the single field inflationary potential were considered.
For completeness we remark that in certain models of single field inflation with a singular
potential [53] it is also possible to produce the observed DM abundance in PBH [54].
The aim of the present paper is to develop a consistent theory of single field double
inflation based on exact classical dynamics of the scalar field. We propose a realistic, par-
ticle physics motivated and UV complete scenario of single field double inflation that could
explain simultaneously the Planck measurements of CMB fluctuations and create a sizeable
population of PHBs at the end of inflation. To be as general as possible, we consider single
scalar inflation in the framework of scalar-tensor theories, that, in addition to a general po-
tential, allow for a modified kinetic term and a non-minimal coupling to gravity. We require
the inflaton potential to be renormalisable and UV complete and, therefore, we consider a
tree-level Lagrangian containing operators of at most dimension four. In order to capture
the full implications of the single field double inflation dynamics, we perform our analysis
by solving numerically the exact equation of motion for the inflaton field rather than relying
on the slow-roll approximation. We find, in fact, that single field double inflation models
typically violate the slow-roll conditions between the two stages of inflation, and that, con-
sequently, the slow-roll approximation leads to inaccurate predictions. We also find that a
mere inflection point is not able to guarantee that the inflaton field is sufficiently slowed
down for the onset of the second inflationary era.
The more careful mathematical treatment and the physical origin of the proposed po-
tential distinguish our work from the scenarios previously considered in literature. In our
study we also allow for possible renormalisation effects that induce logarithmic running of
the inflaton self-coupling. The emerging scenario, that is consistent with the CMB measure-
ments, comprises a first stage of inflation regulated by the interplay between the non-minimal
coupling of the inflaton and the logarithmic corrections due to renormalization effects. Such
potentials were considered before in Refs. [55, 56] and give rise here to a first stage of inflation
that lasts for about 30-40 e-folds and differs from the most popular scenarios of Higgs [57]
or Starobinsky [58] inflations.
The first inflationary stage is then followed by a second phase of hilltop inflation [59],
which lasts for about 20-30 e-folds and creates the large density perturbations that source
the PBH production. To this purpose, we arrange the potential to have a local minimum
at low field values that slows down the inflaton field and flattens the potential enough to
create a peak in the curvature fluctuation power spectrum. We stress again that a simple
inflection point does not serve the purpose despite what often is stated in the literature:
precise computations beyond the slow-roll approximation show that the required potential
must be more complicated. As a consequence, the predicted PBH mass function may deviate
from the lognormal shape that is typically considered in the literature [37, 60–62] and have
an extended low mass tail. We find that the amount of PHBs created during the second
phase of inflation can easily saturate the present bound on the DM abundance.
The paper is organised as follows. In section 2 we present the general framework of single
field double inflation and describe the qualitative features of both the phases of inflation. In
section 3 we present a concrete realisation of the results of section 2. Details of the second
phase of the inflation and the PBH DM abundance and mass distribution are studied in
section 4. We conclude in section 5.
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2 Single field double inflation
The double inflation scenario is realised with potentials that possess flat regions or local
minima able to significantly slow down the inflaton field after the first period of inflation has
ended, thereby triggering a new phase of inflation. We find that the slow-roll regime can be
barely maintained between the two inflationary phases even for potentials that are sufficiently
flat as, in this case, small corrections can induce large changes in the effective evolution of the
field. In presence of a local minimum, instead, the slow-roll approximation inevitably fails
because the kinetic energy of the inflaton field needs to be sufficiently large to overcome the
potential barrier. In the following we will detail these possibilities after briefly reviewing the
relevant features of the inflationary Universe. We note also that a transition regime where
slow-roll is violated has also been studied in the context of two-field inflation [52].
2.1 General considerations
Our framework is that of single field inflation, specified in absence of interactions between
inflaton and matter by three arbitrary functions by [63]
L = √−g
(
−1
2
M2PΩ(σ)R+
1
2
K(σ)(∂σ)2 − V (σ)
)
, (2.1)
where Ω(σ) contains the non-minimal coupling, K(σ) accounts for the possibility of a non-
canonical kinetic term, V (σ) is the potential and MP = 2.4 × 1018 GeV is the reduced
Planck mass. In the following we neglect the cosmological constant and set the potential to
vanish at the absolute minimum. Two of the three functions can be absorbed by means of a
conformal transformation and a redefinition of the scalar field. The conformal transformation
gµν → Ω(σ)−1gµν is used to recast the Lagrangian in the Einstein frame
L = √−g
(
−1
2
M2PR+
1
2
K¯(σ)(∂σ)2 − V¯ (σ)
)
, (2.2)
where
K¯ =
K
Ω
+
3M2P
2
(
∂σΩ
Ω
)2
, V¯ =
V
Ω2
. (2.3)
The canonical Einstein frame field φ is then found as a solution of dφ =
√
K¯dσ. Because
the analytic expression for φ(σ) is generally quite complicated (it may not even be given in a
closed form), in the following we will retain the non-canonical kinetic term and analyse the
inflaton dynamics in the Einstein frame.
The evolution of the Friedmann-Robertson-Walker inflationary Universe is dictated by
the Friedmann equation and the scalar field equation,
3M2PH
2 = ρφ, φ¨+ 3Hφ˙+ ∂φV¯ = 0, (2.4)
where ρφ =
1
2 φ˙
2 + V¯ is the energy density of the scalar field. In the following we express time
in terms of the number of e-folds by using the relation ∂t = H∂N . The equations (2.4) can
then be combined into a single equation
∂2Nφ+
(
3− (∂Nφ)
2
2M2P
)(
∂Nφ+M
2
P
∂φV¯
V¯
)
= 0, (2.5)
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that can be expressed in terms of the non-canonical variable σ through ∂Nφ =
√
K¯∂Nσ.
The qualitative behaviour of the inflating Universe is characterised by the Hubble slow-
roll parameter [64]
H ≡ −∂NH
H
=
(∂Nφ)
2
2M2P
, (2.6)
that is related to the equation of state parameter of the inflaton field by w = −1 + 2/3 H .
Thus, inflation occurs whenever H < 1. The zeroes of the factors in brackets in Eq. (2.5)
define two broad classes of solutions: the first, with H ≈ 3, is the kination dominated
regime in which the field rolls at maximal speed with respect to N . Because this solution
is a repeller, the kination dominated regime has necessarily a finite duration. The second
solution, characterised by ∂Nφ ≈ −M2P∂φV¯ /V¯ , describes the slow-roll regime where any
dependence on the initial velocity is rapidly damped by Hubble friction H , determined as a
function of the field. It is then customary to define the potential slow-roll parameters
V =
M2P
2
(
V¯ ′
V¯
)2
, ηV = M
2
P
V¯ ′′
V¯
, ξV = M
4
P
V¯ ′V¯ ′′′
V¯ 2
, (2.7)
where the prime denotes differentiation with respect to the Einstein frame field φ. The
corresponding expressions in terms of the Jordan frame field σ are obtained by using ∂φ =
K¯−1/2∂σ. The vanishing of the second bracket in (2.5), that is slow-roll, is equivalently
expressed as H ≈ V . For consistency, slow roll should be far from the kination dominated
regime, that is H  3, which in turn imposes the conditions V , ηV  1 on the slow-roll
potential parameters.
The inflationary observables can be expressed in terms of H and its derivatives. The
power spectrum of scalar curvature perturbations is given by
Pζ(k) = 1
8pi2M2P
H2
H
, (2.8)
where the right hand side is evaluated at the moment when the scale k exits the hori-
zon: for k = aH. The measurement of the amplitude of the scalar power spectrum As ≡
Pζ(0.05 Mpc−1) gives ln(1010As) = 3.089 ± 0.036 [51]. The tensor-to-scalar ratio r and the
tilt of the spectrum ns are
r = 16H , ns = 1− 2H + ∂N ln H , (2.9)
and their experimental values are given by r . 0.1 and ns = 0.9655 ± 0.0062 [51]. The
number of e-folds characterising the length of inflation follows from (2.6),
N =
1
MP
∫ φN
φend
dφ√
2H
≈ 1
M2P
∫ σN
σend
K¯ V¯
∂σV¯
dσ, (2.10)
where the field value σend is such that (σend) = 1. The above equation for the number of
e-folds applies in the slow-roll approximation and is redundant within the exact approach
based on the solutions of Eq. (2.5).
In our analysis we apply the exact classical equations for the scalar field, Eq. (2.5),
while using the approximate predictions (2.8) for the spectrum of curvature perturbations.
Eq. (2.8) is commonly derived by assuming the slow-roll approximation [65]. However,
studies that go beyond slow-roll indicate that the relative error is expected to be of order
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H [66]. It is therefore plausible that our analysis of the power spectrum for the transition
phase between the two inflationary epochs may be inaccurate because H  1 generally does
not hold there. These discrepancies, however, do not affect our conclusions for the two main
inflationary stages as they occur in a slow-roll regime.
2.2 The first phase of inflation
The density perturbations generated during the first phase of inflation are constrained by
the measurements of the cosmic microwave background. The general features of inflationary
dynamics at this scale can be discussed in a model-independent way in terms of the large-
N formalism [67–69]. The total number of e-folds, usually estimated to lie in the interval
50-60 [51], can be split into
N = N1 +N2, (2.11)
where N1 and N2 denote the lengths of the first and the second inflationary phase respectively.
In the case of double inflation, the spectral features of the CMB depend solely onN1, therefore
observables can be given on the large-N formalism in terms of expansions in 1/N1 rather than
1/N . As the total number of e-folds is bounded from above, a long second phase implies a
shorter first phase.
In this paper we focus on a particle physics motivated model based on a tree-level
Lagrangian that contains operators with a mass dimension of 4 at most. This implies that
Ω, K and V in the Jordan frame Lagrangian (2.1) are polynomials with possible logarithmic
dependencies that arise from quantum corrections. Our numerical results show that in that
case it is possible to approximate
r ≈ cr
Np1
, ns ≈ 1− r
8
− p
N1
, (2.12)
where cr and p are constants depending on the parameters of the model. For the class of
models under study 1 ≤ p ≤ 2.
It follows from Eq. (2.12) that for r ≈ 0 (supported by current data), ns− 1 is inversely
proportional to the number of e-folds N1. For example, choosing N1 = 30 and r = 0, and
imposing that ns > 0.95 yields p < 1.5. As a result, the dynamics of inflation during the
first stage will necessarily deviate from the prediction of Higgs and Starobinsky inflation
(p ≈ 2 [70, 71]), as well as hilltop inflation (p > 2 [59, 68]). Considering a larger number of
total e-folds or a shorter second inflationary phase will relax the bounds on N1 and on p.
For the above reasons, single field double inflation naturally favour models predicting
an almost scale invariant spectrum with ns ≈ 1 and a small r ≈ 0 if a usual length of inflation
N = 50− 60 is assumed. Concrete examples of models that can successfully match the mea-
sured inflationary observables by means of a reduced first stage of inflation are the minimally
coupled inflaton with an asymptotically logarithmic potential [72] or a non-minimally coupled
inflaton with a running quartic [56]. Once a model with the suitable large N -behaviour is
identified, our framework allows to combine it with a suitable completion that will determine
the dynamics at smaller scales (or small field values) without notably altering the predictions
of (2.12) at large field values.
2.3 The second phase of inflation
It follows from Eq. (2.8) that the power spectrum is enhanced for small H . To illustrate
the underlying mechanism, we first the slow-roll approximation for which H ≈ V so it is
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possible to express the slow-roll parameter in terms of the field only. However, our numerical
study of the exact field equation (2.5) shows that double inflation models where the slow-roll
approximation applies at all times are rare and, as a rule, do not generate large peaks in the
power spectrum. Basic features of two generic classes of single field double inflation models
are discussed at the end of this section.
2.3.1 Slow-roll approximation
A peak in the power spectrum corresponds to a local minimum of V at φc, that is ∂φV (φc) =
0; in the extreme case, also V (φc) = 0. If V (φc) = 0, under the slow-roll approximation
Eq. (2.10) then implies that the field stops at φc and gives rise to an ever-lasting period of
inflation. More realistically, V (φc) could be small but non-vanishing at φc, in which case we
can expand
V = V (φc) +
1
2
′′V (φc)(φ− φc)2 +O(φ− φc)3. (2.13)
Only small deviations from (φc) = 0 are considered, specifically we assume that V (φc) 
M2P 
′′
V (φc). From the definition of the slow-roll parameters (2.7) it follows that at the mini-
mum, that is when ′V (φc) = 0, it can be shown that M
2
P 
′′
V (φc) = ξV (φc)−42V (φc) ≈ ξV (φc),
where the 2V (φc) term is negligible by assumption. Expanding the square root in (2.10) yields
an approximation of the length of the second phase of inflation. The number of e-folds that
the inflaton spends around φc,
N2 ≈ 2pi√
2ξV (φc)
, (2.14)
gives the length of the second phase of inflation. The maximal amplitude (2.8) of scalar
perturbations during this phase is
Pζ(kc) = 1
24pi2M4P
V¯V (φc)
V (φc)
, (2.15)
where kc corresponds to the horizon size when φ = φc. The shape of the amplitude (2.8) of
scalar perturbations generated during the second phase is well approximated by
Pζ(k) ≈ Pζ(kc)
[
1 + 2 tan2
(√
ξV (φc)
2
ln
k
kc
)]−1
, (2.16)
where we have used k ∝ eN . These results agree with Ref. [31].
If at the local minimum  = 0, then V¯ has an exact inflection point: ∂σV¯c = 0 and
∂2σV¯c = 0, regardless of the shape of the non-canonical kinetic term K¯. Any potential with a
near inflection point can always expressed as V¯ = V0 + δV , where V0 has an exact inflection
point and δV is a small perturbation. Then, δV will only influence the second phase of
inflation, but not the first one that is tested by observations of the CMB. From Eq. (2.7), it
follows that c ∝ (∂σδVc)2 and ξc ∝ ∂σδVc. Therefore, Eqs. (2.14) and (2.15) imply that
Pζ(kc) ∝ N42 , (2.17)
as we vary δV while keeping V0 constant. The overall proportionality factor depends on V0.
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2.3.2 Beyond the slow-roll approximation
Consider now the case in which the slow-roll approximation no longer holds, as Hubble
friction cannot ensure V ≈ H at all times. In this case it is necessary to solve the exact
equation (2.5) to correctly describe the transition period between the two phases of slow-roll
inflation. There are two qualitatively different possibilities:
i) Approximate inflection point (V & 0) In this case there can be no singularities in
the power spectrum. Nevertheless, if H  V (φc), as the field is rolling over the near-
inflection point, the peak (2.16) found in the slow-roll approximation diminishes and may
even vanish completely. This effect is generally accompanied by a significant reduction
of the length of the second inflationary phase as the field rolls over the inflection point
without being slowed down considerably. It is then important to calculate the evolution of
the field exactly by solving Eq. (2.5), rather than relying on the slow-roll approximation
which here delivers inaccurate results. Most of the models of single field double inflation
considered in the literature [10, 31, 34] belong to this class, however, they only consider
the slow-roll approximation. An interesting extremal case is given by potentials that are
flat within a small field interval, e.g. an exact inflection point. This leads to ultra slow-roll
inflation for which the slow-roll approximation inevitably fails [73].
ii) Local minimum The slow-roll approximation predicts that the field stops at the mini-
mum, and is thus incapable of describing scenarios in which the inflaton possess sufficient
kinetic energy to climb over the local potential barrier. According to the exact solution of
the equation, however, the inflaton can exit the local minimum and give rise to a second
phase of inflation. Then, as the field slow-rolls down from the local maximum φc, the
inflationary dynamics recovers hilltop inflation [59] with the potential
V = V (φc)
[
1− ηc
2
(
φ− φc
MP
)2
+O(φ− φc)3
]
, (2.18)
where ηc ≡ |ηV (φc)|. Notice that a few e-folds of inflation are produced even as the inflaton
climbs uphill. It follows from Eq. (2.10) that close to the maximum, when φ − φc 
MP
√
2/ηc, the number of e-folds depends logarithmically on φ− φc. Therefore
V ∝ e−2ηcN2 . (2.19)
The slow-roll parameter V is therefore exponentially suppressed in the beginning of the
second phase and the corresponding curvature fluctuations obey a power law with spectral
index
ns2 ≈ 1− 2ηc. (2.20)
Notice that the height of the peak in Pζ depends on how close to φc the field enters slow-
roll. Moreover, the potential energy remains practically constant during slow-roll, then
(2.8) implies that the height of the peak scales exponentially with the duration of the
second phase
Pζ(kc) ∝ e2ηcN2 . (2.21)
For a fixed N2 it follows that a smaller spectral index generally yields a higher peak. A
single field double inflation model of this type has been considered in [12].
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We find that models predicting a first phase of inflation consistent with observation and a
second phase that creates a large peak in the curvature fluctuation power spectrum tend to
fall in the second category.2
3 Double inflation with running self-coupling
Having the general results at hand, we now present a single field inflation model motivated
by particle physics. We consider a general Jordan frame scalar potential
V (σ) =
1
2
m2(σ − v1)2 + 1
3
µ(σ − v1)3 + 1
4
λ(σ − v1)4, (3.1)
with a canonical kinetic term for σ, corresponding to K(σ) = 1, and a non-minimal coupling
Ω(σ) = 1 +
ξ
M2P
σ2. (3.2)
In Eq. (3.1) we denote with v1 the vacuum expectation value of the Jordan frame field σ.
We find it convenient to express the Einstein frame potential V¯ in terms of its extremum
solutions vi. The extremum equation for V¯ can be written in the general form
3
0 = ∂σV¯ = − ξµM
4
P
3(M2P + ξ σ
2)3
4∏
i=1
(σ − vi). (3.3)
The potential is then given by
V¯ =
∫ σ
v1
∂ς V¯ (ς)dς, (3.4)
where σ = v1 is the global minimum and, by construction, V¯ (v1) = 0. In general the integral
of (3.3) has a non-polynomial term, which will vanish provided that the extrema vi satisfy
3M4P +M
2
P ξ e2(vi) + 3ξ
2e4(vi) = 0, (3.5)
where e2 and e4 are elementary symmetric polynomials of vi. This constraint eliminates one
parameter, v4 for instance. Another parameter is, however, introduced as the constant of
integration resulting from (3.4), which we set by choosing of the lower limit. The case of
a potential with an exact inflection point is achieved by setting v2 = v3. A near inflection
point corresponds to v∗2 = v3 but v2 6= v3 and the potential has two local minima if v2,3 are
real but v2 6= v3.
As discussed in section 2.3, in the slow-roll approximation the field stops indefinitely
at an exact inflection point. In our case, instead, due to the breakdown of slow-roll regime
between the two stages, the field acquires enough kinetic energy to cross such a point. By
studying numerical solutions of the exact field equations (2.5) we find that a viable number
of e-folds accompanied by a large peak in the power spectrum can not be achieved if V¯ has
a (near) inflection point. Instead, these features are only present in scenarios where the
potential has a shallow minimum at v3 and a maximum at v2. The inflaton rolls into the
2These scenarios may also be modified by quantum effects such as tunneling. This may shorten the second
phase even more. In the following we will, however, restrict our discussion to classical dynamics only.
3While it would seem that the numerator is a 5th order polynomial in σ, the leading term always cancels
out, as can be easily seen.
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Figure 1. The tensor-to-scalar ratio r vs. the spectral tilt ns from βλ/λ = 0.01 (bottommost line)
to βλ/λ = 10 (topmost line). We show the 1σ observational bounds [51] for a running ns (black
boundaries) and for a not running ns (gray boundaries). We choose v2 ≈ v3 = 0.106, ξ = 122.7,
mΦ = 0.12MP .
minimum, slows down and enters the second stage of slow-roll inflation shortly after crossing
the maximum.
We choose the parameters in a way that the scalar self-coupling λ is small in the energy
range where the second stage of inflation takes place, so that the parameters of the potential
do not run much. In order to fit the inflationary measurements, however, we introduce
another scalar field Φ, with a mass mΦ, which does not directly participate in the inflation
but which couples to the inflaton via a quartic term λφΦφ
2Φ2, generating the β-function
βλ ∝ λ2φΦ. Thus, we parametrise the renormalisation group (RG) running of λ as
λ(σ) = λ(mΦ) + θ(σ −mΦ)βλ ln σ
mΦ
, (3.6)
where θ is the unit step function. The running of the inflaton self-coupling makes the potential
steeper and, somehow counter-intuitively, allows the inflation to begin at a straighter slope
which generates the inflationary parameters ns and r in the correct range.
4
We plot in Fig. 1 the model predictions for the tensor-to-scalar ratio r as a function of the
spectral index ns for the parameters specified in the caption, which comply with all the CMB
constraints despite the relatively small number of e-folds during the first phase of inflation.
Notice that the inflationary parameters r and ns depend on the ratio βλ/λ only, while the
overall normalisation of the potential is fixed by the amplitude of scalar perturbations. The
results (grey lines) are for 25÷ 35 e-folds during the first stage of inflation. The observables
depend on the value of the β-function that is varied from βλ/λ = 10
−2 (bottommost line)
to βλ/λ = 10 (topmost line) in steps of 1/10, as described by the colour code in the figure.
The 1σ observational bounds [51] are given for the cases of running ns (black boundaries)
and not running ns (grey boundaries). We therefore find that our model can easily predict
(ns, r) within the 1σ confidence range of the present measurements.
We present the parameters of our model for a few chosen benchmark points in Table 1.
We always take the global minimum at v1 = 0. Notice that βλ is fairly small, thus λφΦ
4The running will generally modify the positions of the extrema found by (3.3). Thus, for simplicity, we
will consider the case where mΦ ≥ v2. In that case the first phase will be described by a scenario with a
running coupling and the second phase corresponds to a hilltop like inflation.
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v2/MP v3/MP ξ λ/10
−5 βλ/λ mΦ/MP ns r Pζ(Nmax) Nmax
0.09304 0.10328 86.449 3.17 0.3 0.11 0.960 0.060 9.6× 10−4 38
0.09303 0.10328 86.450 3.58 0.3 0.11 0.956 0.066 4.9× 10−3 35
0.18346 0.20937 21.741 0.167 0.35 0.22 0.966 0.056 3.8× 10−4 42
0.02080 v3 = v2 2944.0 3460 0.42 0.022 0.962 0.067 7.2× 10−7 39
Table 1. The model parameters for the chosen benchmark points. In all cases v1 = 0 and N1 +N2 =
60. Pζ(Nmax) denotes the maximal amplitude of the scalar perturbations and Nmax is the time in
e-folds when the maximum is reached. v3 = v2 indicates an exact inflection point.
0 10 20 30 40 50 60
N
10-8
10-5
10-2
ϵH
10-4 1 104 108 1012 1016 1020 1024
k
Mpc-110-13
10-11
10-9
10-7
10-5
10-3
ζ
Figure 2. Left: The Hubble slow-roll parameter H obtained with the exact approach (solid line) and
using the slow-roll approximation (dashed line) as functions of the number of e-folds N . Right: The
power spectrum Pζ as a function of the wave number k. The potential parameters are given by the
first (black lines) and the second (gray lines) benchmark point in Table 1. The purple band highlights
the curvature fluctuations yielding a PBH population that, depending on the value of the criticality
parameter ζc, can match the measured DM abundance.
does not spoil the perturbativity of the model. To analyse the dynamics of inflation in this
model we plot in Fig. 2 the behaviour of the relevant inflationary parameters for the first
benchmark point in Table 1. The left panel of Fig. 2 shows the Hubble slow-roll parameter H
as a function of the number of e-folds N . The dashed line corresponds to the solution obtained
assuming the slow-roll approximation, whereas the solid line shows the exact solution. The
thin horizontal line, H = 1, indicates the end of inflation. In the case of the first benchmark
model the Universe is inflating even between the two phases, but the slow-roll approximation
fails to describe the transition.
The right panel shows the resulting power spectrum Pζ as a function of the wave number
k. We see that the effect of the second phase of inflation is to produce a large peak at large
values of k, which lasts for roughly 24 e-folds. The power spectrum at the second stage is well
approximated by a power law with a spectral index ns = 0.4. The exponential dependence of
H on N matches well the prediction (2.19) of hilltop inflation. Comparison of the first two
benchmark points from Table 1 as depicted in the left panel of Fig. 2 shows the exponential
dependence in Eq. (2.21) of the height of the peak in the curvature spectrum.
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4 Primordial black holes from the single field double inflation
As was demonstrated above, the single field double inflation scenario decouples the dynamics
of large cosmological scales probed by the CMB experiments from that of smaller scales
which affect, for instance, the structure formation. In this section we show by the precise
computations that our model can also explain the measured DM relic abundance by giving
rise to a PBH population originated by large curvature fluctuations on small cosmological
scales. In our scheme, such perturbations exit the inflationary horizon during the earliest of
the inflationary epochs and, as they re-enter, the energy density contained in the associated
volume collapses to a black hole [3–7]. The spectrum of the perturbations generated by the
inflaton in this inflationary stage, therefore, determines the mass function of the PBHs.
The hypothesis that DM is constituted by a relic abundance of PBH is severely con-
strained by astrophysical and cosmological observations. The strictest bounds arise from the
black hole evaporation [38, 74, 75], femtolensing [76], microlensing [77–80], energy injection
during the CMB era by black hole accretion [81–84], neutron star capture [85], white dwarf
explosions [86], survival of stars in dwarf galaxies [87, 88], distribution of wide star bina-
ries [89] etc. (for a detailed description see [37–39]). We remark, however, that many of
these constraints rely on different assumptions and involve uncertainties, in a way that not
all of them should be taken on equal footing. In addition to that, the mentioned constraints
might also depend on the mass function of the PBHs, which is therefore a key quantity in
assessing the viability of this picture [37].
The proposed scenario enforces on small cosmological scales large curvature fluctuations,
ζ, that result in a PBH population possibly characterised by a broad mass spectrum. In more
detail, the fractional contribution of a PBH population of mass MPBH to the energy content
of the Universe at the formation time tM is quantified by [90]
β0(MPBH(N)) ≡ ρPBH(M)
ρtot
∣∣∣∣∣
t=tM
≈
√
2Pζ
piζ2c
exp
(
− ζ
2
c
2Pζ
)
, (4.1)
where we have assumed that the distribution of primordial density fluctuation, as well as the
proportional curvature perturbations, be Gaussian, and that ζ2c  Pζ . It is then clear that
peaks in the curvature power spectrum regulate with their widths the mass spread of the
resulting PBH population. The value of the parameter ζc is the topic of several dedicated
studies [26, 31, 90] which confine it to the interval (0.07, 0.7) [90].
The mass of the PBH resulting from the collapse of curvature fluctuations during the
radiation dominated era is of the same order of the horizon mass MH : MPBH ≈ 0.2MH [91].
The latter is defined as the mass inside the horizon or, equivalently, the mass of a black hole
whose Schwarzschild radius matches the Hubble radius
MH =
4pi
3H3
ρ =
4piM2P
H
. (4.2)
Since its formation, the fraction of PBH (4.1) scales as a−3, in the same fashion as cold matter.
As the total energy density of the Universe scales instead as a−4, the relative contribution of
PBH to the total energy density grows as a until matter-radiation equality. From Eq. (4.2) it
follows that the horizon mass scales as MH ∝ a2 during radiation domination. In conclusion,
the PBH abundance at the time of matter-radiation equality is then given by
ΩeqPBH =
∫ Meq
M∗
dM
M
βeq(M), (4.3)
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where Meq = 3.2× 1017M (Ωm/0.31)−2 is the horizon mass [92] and
βeq(M) =
√
Meq
M
β0(M) (4.4)
the mass function at matter-radiation equality. To relate the horizon mass to the wavenumber
at the horizon entry, k = aH, notice that during the radiation dominated epoch k ∝ a−1 ∝
M
−1/2
H , implying that
MH = Meq
(
k
keq
)−2
= 3.2× 1013M
(
k
Mpc−1
)−2
, (4.5)
where keq = 0.01 (Ωm/0.31) Mpc
−1 is the wavenumber of the perturbation entering the hori-
zon at matter-radiation equality [92].
The largest theoretical uncertainty in the computation comes from the parameter ζc.
In order to estimate whether the model we consider is able to yield a sizeable fraction of the
measured DM abundance, we show in the right panel of Fig. 2 the density perturbations Pζ
corresponding to βeq = 1 for ζc in the conservative range (0.07, 0.7). These extremal cases
correspond to
Pζ ,c ≡ ζ
2
c
W
(
2
pi (k/keq)
2
) , (4.6)
where W denotes the Lambert W -function. As in the early Universe k  keq the condition
ζ2c  Pζ assumed in (4.1) is naturally satisfied in case the PBH are light. As shown in
Fig. (2), the peak in the spectrum is high enough to produce an abundance of PBH that
matches the measured DM one.
Regarding the shape of the mass function5. In the case where the slow roll approximation
holds between the two phases of inflation, we find upon an expansion of the power spectrum
in Eq. (2.16) up to second order in lnM a lognormal shape that has been often considered
in the literature [43, 60–62, 93, 94],
βeq(M) ≈ ΩPBH,eq√
2piσ
exp
(
− ln
2(M/Mc)
2σ2
)
, (4.7)
where
σ = ζ−1c
√
Pζ i
2ξi
, ΩPBH,eq =
√
1
2ξi
Meq
Mc
2Pζ i
ζ2c
exp
(
− ζ
2
c
2Pζ i
)
, (4.8)
denote the width of the mass function and the PBH abundance at matter-radiation equality.
ξi and Pζ i are calculated at the near inflection point.
The analytic treatment of the mass function is more involved in more realistic cases
where the slow-roll condition is violated. Nevertheless, given that the power spectrum has a
peak at kc ∝ exp(Nc), then whenever the second order expansion
H(N) = H(Nc) +
∂2N H(Nc)
2
(N −Nc)2 +O(N −Nc)3 (4.9)
5In the scenario we consider, the PBH formation proceeds exclusively in the radiation-dominated era and
concludes at the matter-radiation equality. The information on the generated PBH abundance is therefore
encapsulated in βeq.
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holds during the full period of PBH production, the resulting mass function may be well
approximated by a lognormal shape. As deviations from this expansion are negligible for
shorter periods of PBH formation, it is expected that the lognormal approximation is more
accurate for narrower mass functions. The second phase of hilltop inflation produces a power-
law tail extending to smaller scales. Therefore, broad mass functions produced by single field
double inflation tend to be skewed towards lighter masses.6
5 Conclusions
We presented a study of single field double inflation in the context of general scalar-tensor
theories and present the general qualitative features of these scenarios based on the exact
classical dynamics of the scalar field. Requiring a UV complete scenario and a renormalisable
inflaton potential, we proposed a model that gives rise to a first phase of inflation which
complies with the measurements of the cosmic microwave background fluctuations and spans
about N1 = O(30) e-folds. Such an inflationary era is supported by a potential that involves
both the inflaton non-minimal coupling to gravity and logarithmic corrections to its self-
coupling due to the renormalisation effects. Owing to the latter, the predictions of our
potential differ from those of Starobinsky inflation, in line with similar models based on
Coleman-Weinberg type of potentials.
The first phase of inflation, is followed by a second era of hilltop inflation which lasts for
about N2 = O(30) e-folds and is able to give rise to a sizeable PBH population. In general,
we find that the slow-roll condition breaks down between the two inflationary stages, leading
to inaccurate results. To overcome this problem, we computed the dynamics of the inflaton
field exactly, going beyond the approximations generally adopted in literature.
The model we consider matches the values of the spectral index ns currently favoured
and predicts a tensor-to-scalar ratio r of the order of 0.05, potentially measurable in next-
generation experiments. The power spectrum of curvature fluctuation is characterised by a
peak at small scales, which allows PBHs to match the measured DM abundance. The mass
function describing the PBH span is approximately lognormal.
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